We show the highly non-surprising fact that the Leech lattice gives a sphere covering which is locally least dense among lattice coverings. This gives a first example of a locally optimal lattice covering having a non-simplicial Delone subdivision. Hereby, we in particular answer a question of Dickson posed in 1968. By showing that the Leech lattice is rigid, our answer is even strongest possible in a sense.
Introduction
The Leech lattice is the exceptional lattice in dimension 24. Soon after its discovery, by Leech in 1965 [Lee67] , it was conjectured that it is extremal for several geometric problems in R 24 : the kissing number problem, the sphere packing problem and the sphere covering problem.
In 1979, Sloane and Odlyzko and independently Levenshtein solved the kissing number problem in dimension 24 by showing that the Leech lattice gives an optimal solution. Two years later, Bannai and Sloane showed that it gives essentially the unique solution. (cf. [CS88] , Ch. 13, 14). Unlike the kissing number problem, the other two problems are still open.
Recently, Cohn and Kumar [CK04] showed that the Leech lattice gives the unique densest lattice sphere packing in R 24 . Furthermore they showed, that the density of any sphere packing (without restriction to lattices) in R 24 can only be a very tiny fraction larger than the one given by the Leech lattice.
At the moment it is not clear how one can prove a corresponding result for the sphere covering problem. In this paper we do a first step into this direction by showing that the Leech lattice is locally optimal among lattices. Theorem 1.1. The Leech lattice gives a sphere covering which is locally optimal among lattices.
By this we give an affirmative answer to a question of Dickson posed in 1968 [Dic68] . He asked whether there exists a locally optimal covering lattice whose Delone subdivision (see Section 2) is not simplicial. Such a lattice gives an optimal lattice covering among all lattices whose Delone subdivision is a refinement of its Delone subdivision. The Leech lattice gives even a strongest possible example, in the sense that it is rigid, that is, its Delone subdivision changes to a true refinement by any small non-orthogonal perturbation. 
Lattices, Positive Quadratic Forms and Delone Subdivisons
Here we briefly review some necessary concepts and results about lattices and their intimate relation to positive definite quadratic forms (PQFs from now on). For further reading we refer to [SV04] and [CS88] .
Let are both attained. They are homogeneous and therefore, the covering density
, where the Gram matrix G = A t A is symmetric and positive definite. We will carelessly identify quadratic forms with symmetric matrices by saying Q = G and Q[x] = x t Qx. The set of quadratic forms is a 
Two lattices L and L ′ are associated to the same PQF, if there exists an orthogonal transformation O with L = OL ′ . Note that the packing and covering density are invariant with respect to orthogonal transformations.
The determinant (or discriminant) of a PQF Q is defined by det(Q). The homogeneous minimum λ(Q) and the inhomogeneous minimum µ(Q) are given by
, and µ(Q) = max
We say that a lattice L with associated PQF Q L gives a locally optimal lattice covering or a locally optimal lattice packing, if there is a neighborhood of 
The set of all Delone polytopes is called the Delone subdivision of Q. Note that the inhomogeneous minimum is at the same time the maximum squared circumradius of its Delone polytopes. We say that the Delone subdivision of a PQF Q ′ is a refinement of the Delone subdivision of Q, if every Delone polytope of Q ′ is contained in a Delone polytope of Q. A PQF Q is called rigid if every PQF Q ′ in a sufficiently small neighborhood is either homothetic to Q or its Delone subdivision is a true refinement of Q's subdivision.
The Leech Lattice and its Rigidity
The Leech lattice Λ with associated PQF (Gram matrix) Q Λ satisfies det(Q Λ ) = 1, λ(Q Λ ) = 4 and µ(Q Λ ) = 2 (cf. e.g. [CS88] , Ch. 4, §11). Thus, its packing density, already given by Leech [Lee67] , is δ(Q Λ ) = κ 24 and best possible among all lattices in R 24 ( [CK04] ). Its covering density is Θ(Q Λ ) = 4096 · κ 24 . The first proof of this fact is due to Conway, Parker and Sloane ([CS88], Ch. 23). There they also classify the 23 different (up to congruences) Delone polytopes of Q Λ attaining the maximum circumradius √ 2.
From their list, we will consider Delone polytopes of type A 24 1 to prove the rigidity in this section and those of type A 24 to prove the local optimality in Section 5. To describe them we define Q Λ (n) = {v ∈ Z 24 : Q 9.1, [CK04] ), i.e. Q Λ is uniquely determined by the equations Q Λ [v] = 4, v ∈ Q Λ (2), the conclusion of the theorem follows. By ·, · we denote the inner product given by Q Λ , i.e. x, y = x t Q Λ y, and by (·, ·) we denote the inner product given by Q.
Let v, w ∈ Q Λ (2). In the case v, w = 0 there exists u ∈ Q Λ (2) with v, u = w, u = 0: in [CK04], §6.2, for any x, y ∈ Q Λ (2) the numbers P γ (α, β) = |{z ∈ Q Λ (2) : x, y = γ, x, z = α, y, z = β}|, which turn out to be independent from x, y, are computed, and are strictly positive for α = β = 0, γ = 0.
Hence, we shall suppose that v, w = 0. So, v + w ∈ Q Λ (4). Therefore, the vectors 0, v + w, v, w are vertices of a Delone cross polytope P of type A 24 1 . Let c be the center of the circumsphere P with respect to Q:
We now show (v + w, v − w) = 0 which implies the claim Q[v] = Q[w]. Both vectors v + w, v − w are diagonals of P . Since P is a regular cross polytope with respect to Q Λ and since the dimension is ≥ 4 there are edge vectors v ′ , w ′ ∈ Q Λ (2) of P so that v ′ + w ′ = v − w and all 6 inner products of pairs of different vectors v, w, v ′ , w ′ vanish with respect to Q Λ and so with respect to Q by the argument given above.
A Local Lower Bound
In this section we briefly describe a variant of a method due to Ryshkov and Delone which enables us to compute local lower bounds for the covering density. A more detailed account can be found in [SV04] .
Euclidean space where the inner product is given by the PQF Q. Its centroid is m = 1 d+1 i v i . Let c be the center of its circumsphere and let r be its circumradius. Using Apollonius' formula (cf. [Ber87] §9.7.6) we get
Proposition 4.1. Let L 1 = conv{v 1,1 , . . . , v 1,d+1 }, . . . , L n = conv{v n,n , . . . , v n,d+1 } be a collection of Delone simplices of Q with radii r 1 , . . . , r n . Then, the inhomogeneous minimum is bounded by
(1)
We can use the foregoing proposition to get local lower bounds for the covering density of PQFs having L 1 , . . . , L n as Delone simplices. We fix the determinant of Q and minimize the right hand side of (1) 
Proof of Theorem 1.1
For the proof of Theorem 1.1 we use the fact that any non-empty set
, Ch. 7, Theorem 23) in the Euclidean space with inner product ·, · . Generally, a spherical t-design X is a non-empty finite subset of the unit sphere S d−1 = {x ∈ R d : x, x = 1} satisfying the equalities (see [Ven01] , Théorème 3.2):
for all y ∈ R d and all odd k ≤ t,
For the proof of Theorem 1.1 the following spherical 2-design property is even sufficient:
Lemma 5.1. Let Q ∈ S d >0 and let X ⊂ R d denote a set forming a spherical 2-design with respect to the inner product given by Q. Then
Proof. Since X forms a spherical 2-design, we have x∈X x t Qy 2 = Thus because both identities are valid for all y ∈ R d we derive the equality stated in the lemma.
Now we finish the proof of Theorem 1.1. Let L be a Delone simplex of Q Λ of type A 24 . We apply Corollary 4.3 to the orbit of L under the automorphism group Co 0 = {T ∈ GL 24 (Z) :
For every PQF Q for which the simplices T L, T ∈ Co 0 , are Delone simplices, we have
e ee t , where e runs through all the edge vectors of T L. Since L has 275 edges in Q Λ (2) and 25 edges in Q Λ (3) and because of the transitivity of Co 0 on Q Λ (2) and Q Λ (3) ([CS88], Ch. 10, Theorem 27) we get
By Lemma 5.1 (applied to Q Λ /4 and Q Λ /6) this yields
2 48 3 24 and finally, by Corollary 4.3, we derive Θ(Q) ≥ 4096 · κ 24 = Θ(Q Λ ).
Remarks
Let us finally comment on how our approach can be applied to the exceptional lattice E 8 which gives the unique optimal lattice packings in dimension 8. Its Delone subdivision contains only regular simplices and regular cross polytopes. We can apply the method of Theorem 1.2 to show that E 8 is rigid, since it is perfect and its Delone subdivision contains sufficiently many cross polytopes in the right position. This was first proved by Baranovskii and Grishukhin [BG01] by a different approach. If we apply the method of Theorem 1.1 to E 8 we get a local lower bound of (8/9) 8 · κ 8 ≈ 0.6243 · κ 8 . But Θ(E 8 ) = 1 since the circumradius of the regular cross polytopes is 1. Furthermore, by refining the Delone cross polytopes of E 8 into simplices so that maximal symmetry is preserved, together with Mathieu Dutour, we were able to construct a lattice with covering density ≈ 0.7777 · κ 8 , thereby beating the old record holder A * 8 with Θ(A * 8 ) ≈ 0.9032 · κ 8 by several percent. This shows that E 8 is not a locally optimal lattice covering. Together with the local optimality of the Leech lattice with respect to the packing problem, we can instantly derive the local optimality of the Leech lattice with respect to another classical problem (cf. 
